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Abstract In dilatonic cosmology model, we study the behavior of attractor solution in ω–ω′
plane, which is defined by the equation of state parameter for the dark energy and its deriv-
ative with respect to N (the logarithm of the scale factor a). This is a good method which
is useful to the study of classifying the dynamical dark energy models including “freezing”
and “thawing” model. We find that our model belongs to “freezing” type model classified
in ω–ω′ plane. We show mathematically the property of attractor solutions which corre-
spond to ωσ = −1, �σ = 1. The present values of energy density parameter �σ0 , �m0 and
�r0 are 0.715001, 0.284972 and 0.00002706 respectively, which meet the current observa-
tions well. Finally, we can obtain that the coupling between dilaton and matter affects the
evolutive process of the Universe, but not the fate of the Universe.

Keywords Dilaton · Dark energy · Cosmology · Coupled quintessence · ω–ω′ plane ·
Attractor

1 Introduction

Exploring the nature of the dark energy has been one of the most challenging problems in
astronomy and physics today, since the observations of high-redshift Type Ia Supernova [1–
4] and the Cosmic Microwave Background [5] are issued, which suggest that our universe
is undergoing an accelerated expansion phase and spatially flat. Dark energy with negative
pressure, which is an unclumped form of energy density pervading the Universe, contributes
to about two thirds of the total energy density. In the observational cosmology, the equation
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of state parameter (EoS) of dark energy ω = p

ρ
plays a central role, where p and ρ are its

pressure and energy density, respectively. To fit the observations, the EoS of dark energy
must satisfy ω < − 1

3 . Perhaps the simplest explanation for these data is that the dark en-
ergy corresponds to a positive cosmological constant. However, the cosmological constant
model suffers from two serious issues called “coincidence problem” and “fine-tuning prob-
lem”, that is to say, we must answer the following two questions: why the cosmological
constant is about 120 orders of magnitude smaller than its natural expectation and why does
our universe begin the accelerated expansion recently? An alternative is a scalar field which
has not yet reached its ground state. These scalar field models include Quintessence [6–
44], K-essence [45–51], Tachyon [52–61], Phantom [62–72], Quintom [73–75] and so on.
Quintessence model has been widely studied, and its state parameter ω which is time-
dependent, is greater than −1. Such a model for a broad class of potentials can give the
energy density converging to its present value for a wide set of initial conditions in the
past and possess tracker behavior. In this paper, we regard dilaton in Weyl-scaled induced
gravitational theory as a coupled Quintessence.

Motivations that make us consider dilatonic cosmology model are as follows: First, the
dilaton is an essential element of string theories and the low-energy string effective ac-
tion [76]. Second, dimensional compaction of Kaluza-Klein theories may naturally lead to
the Weyl-scaled induced gravitational theory. Third, dilatonic gravities are expected to have
such important cosmological applications as in the case of (hyper)extended inflation [77].
Fourth, Many authors have considered the coupled dark energy and obtained many interest-
ing and important results [78–86]. In our previous paper [87], we have considered a dilatonic
dark energy model, based on Weyl-scaled induced gravitational theory. We found that when
the dilaton field was not gravitational clustered at small scales, the effect of dilaton can not
change the evolutionary law of baryon density perturbation, and the density perturbation can
grow from z ∼ 103 to z ∼ 5, which guarantees the structure formation. When dilaton energy
is very small compared the matter energy, potential energy of dilaton field can be neglected.
In this case, the solution of cosmological scale a has been found [88–90]. In another pa-
per [91, 92], we have investigated the property of the attractor solutions and concluded that
the coupling between dilaton and matter affects the evolutive process of the Universe, but
not the fate of the Universe.

Recently, some authors have investigated the evolution of Quintessence dark energy mod-
els in the ω–ω′ plane [93–95], where ω′ is the time variation of ω with respect to N . Ac-
cording to different regions in the ω–ω′ phase plane, these models can be classified two
types which are call “thawing” and “freezing” models. In what follows, we shall study the
cosmological dynamics of dilatonic dark energy model in the ω–ω′ plane. In the exponen-
tial potential Ae−βσ , the evolutive behaviors of dynamics of dilatonic cosmology model in
the ω–ω′ plane, the energy density parameter of dark energy �σ , matter energy density �m

and radiation energy density �r with respect to N are shown mathematically. Our results
show that the critical point with ω ∼ −1 is a late-time attractor, where dilaton field becomes
ultimately frozen, as shown in the Fig. 1. The evolution of �σ shows also that there exists a
late-time attractor solution, which corresponds to �σ = 1.

2 Basic Equations

To deduce the field equation of induced gravitational theory, let us consider the action of
Jordan-Brans-Dicke theory firstly

S =
∫

d4X
√−γ

[
φR̃ − 	γ μν ∂μφ∂νφ

φ
− �(φ) + L̃fluid(ψ)

]
, (1)



Int J Theor Phys (2008) 47: 865–872 867

Fig. 1 The attractive property of
dilatonic cosmology model with
exponential potential
W(σ) = Ae−βσ in ω–ω′ plane.
We set α = 3.78 × 10−5,
β = 0.005 and A = 1.0

,

where the lagrangian density of cosmic fluid L̃fluid(ψ) = 1
2γ μν∂μψ∂νψ − V (ψ), γ is the

determinant of γμν which is Jordan metric, 	 is the dimensionless coupling parameter, R

is the contracted Rμν . The metric sign convention is (−,+,+,+). The quantity �(φ) is
a nontrivial potential of φ field. When �(φ) �= 0 the action of equation (1) describes the
induced gravity. The energy density of cosmic fluid ρ̃ = 1

2 (
dψ

dt̃
)2 + V (ψ) and the pressure

p̃ = 1
2 (

dψ

dt̃
)2 − V (ψ).

However it is often useful to write the action in terms of the conformally related Einstein
metric. We introduce the dilaton field σ and conformal transformation as follows

φ = 1

2
eασ , (2)

γμν = e−ασ gμν, (3)

where α =
√

κ2

2	+3 with 	 > 3500 [96] being an important parameter in Weyl-scaled in-
duced gravitational theory, σ is dilaton field, gμν is the Pauli metric which can really rep-
resent the massless spin-two graviton and should be considered to be physical metric [97].
From the solar system tests, the current constrain is α2 < 0.001 [98]. The new constrain on
the parameter is α2 < 0.0001 [99], which seems to argue against the existence of long-range
scalars. Perhaps such a pessimistic interpretation of the limit is premature [97, 98]. We work
in units κ2 ≡ 8πG = 1.

According to the conformal transformation (2), (3), we can rewrite (1) as follows

S =
∫

d4X
√−g

[
1

2
R(gμν) − 1

2
gμν∂μσ∂νσ − W(σ) + Lfluid(ψ)

]
, (4)

where Lfluid(ψ) = 1
2 gμνe−ασ ∂μψ∂νψ − e−2ασ V (ψ). The conventional Einstein gravity limit

occurs as σ → 0 for an arbitrary 	 or 	 → ∞ with an arbitrary σ . When W(σ) = 0, it
will result in the Einstein-Brans-Dicke theory.

By varying action (4) and working in FRW universe, we obtain the field equations of
Weyl-scaled induced gravitational theory:

H 2 = 1

3

[
1

2
σ̇ 2 + W(σ) + e−ασ ρ

]
, (5)

σ̈ + 3Hσ̇ + dW

dσ
= 1

2
αe−ασ (ρ − 3p), (6)

ρ̇ + 3H(ρ + p) = 1

2
ασ̇ (ρ + 3p), (7)
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where H is Hubble parameter. For radiation ρr = 3pr , we get ρr ∝ eασ

a4 from (7). For matter

pm = 0, we get ρm ∝ e
1
2 ασ

a3 from (7). Taking these results into (5), we obtain

H 2 = H 2
i

[ 1
2 σ̇ 2 + W(σ)

ρc,i

+ �m,ie
− 1

2 ασ

(
ai

a

)3

+ �r,i

(
ai

a

)4]
, (8)

where H 2
i = ρc,i

3 , ρc,i is the critical energy density of the universe at initial time ti . Hi , �m,i ,
�r,i denote the Hubble parameter, matter energy density parameter, radiation energy den-
sity parameter at initial time ti respectively. We define our starting point as the equipartition
epoch, at which �m,i = �r,i = 0.5 and consider the initial scale factor ai = 1 for conve-
nience. According to the transformation N = lna, we have

H = Hi

[ 1
2 σ̇ 2 + W(σ)

ρc,i

+ �m,ie
− 1

2 ασ e−3N + �r,ie
−4N

] 1
2

. (9)

3 Dilaton Cosmological Dynamics in the ω–ω′ Plane

The effective density ρσ and effective pressure pσ can be expressed as follows

ρσ = 1

2
σ̇ 2 + W(σ), (10)

pσ ≡ ωσ ρσ = 1

2
σ̇ 2 − W(σ). (11)

According to (6) which is the scalar field equation of motion, we get

− ρ̇σ

H
= 3σ̇ 2 − ασ̇ρme−ασ

2H
, (12)

where ρm = ρm0e
1
2 ασ a−3 with ρm0 is the matter energy density at initial time t0.

Because ρ̇σ

H
= dρσ

dN
, σ̇ = √

2[ρσ − W(σ)] and W(σ) = 1
2 (1 − ωσ )ρσ , the above equation

becomes

−dρσ

dN
≡ nσ ρσ = 3ρσ (1 + ωσ ) − αρm0e

− 1
2 ασ−3N

√
ρσ (1 + ωσ )

2H
. (13)

Equation (13) is the continuity equation of dilaton scalar field in dilatonic cosmology model.
The evolutive equation of dilaton field can be expressed as follows

dσ

dN
= σ̇

H
=

√
6[ρσ − W(σ)]

H
=

√
(1 + ωσ )ρσ

H
. (14)

Now, we define a new function

�(a) ≡ d(lnW(σ))

d(lnρσ )
= 1 + 1

1 − ωσ

× −dωσ /dN
1

ρσ
(dρσ /dN)

. (15)

So, we can rewrite (13) as

dωσ

dN
=

[
3(1 − ω2

σ ) − αρm0

(1 − ωσ )e− 1
2 ασ−3N

√
(1 + ωσ )ρσ

2H

]
× [� − 1] (16)
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Fig. 2 The evolution of energy
density parameter �σ (real line),
�m (dot-dashed line) and �r

(dot line) with respect to N in
dilatonic cosmology model with
exponential potential
W(σ) = Ae−βσ when
α = 3.78 × 10−5, β = 0.005 and
A = 1.0. The current values of
�σ , �m and �r are 0.715001,
0.284972 and 0.00002706
respectively

Fig. 3 The comparison of
attractive property of dilatonic
cosmology model with
exponential potential
W(σ) = Ae−βσ in different
initial condition ωi = −0.92 (dot
line), ωi = −0.94 (real line) and
ωi = −0.98 (dot-dashed line),
when α = 3.78 × 10−5,
β = 0.005 and A = 1.0

where

� = ±W ′(σ )/W(σ)

3H
√

1+ωσ

ρσ
− αρm0 e

− 1
2 ασ−3N

2ρσ

(17)

and the sign “′” denotes the derivative of W(σ) with respect to σ . Equation (16) is the scalar
field equation of motion in dilatonic cosmology model. For the dilaton field rolling down its
potential, the ± sign before W ′(σ ) corresponds to W ′(σ ) > 0 or W ′(σ ) < 0. The size of the

parameter α =
√

1
2	+3 denotes the coupling intensity.

Now we consider the exponential potential W(σ) = Ae−βσ . The system decided by (16)
admits these critical points ωσ = 1, ωσ ∼ −1, � = 1. When � = 1, ωσ varies very slowly
where the dilaton field is tracking and the ratio of kinetic energy to potential energy of the
dilaton field becomes a constant. When ωσ ∼ −1, it corresponds to a late time attractor
where the dilaton field becomes ultimately frozen, as shown in the Fig. 1. Figure 2 shows
the evolution of the energy density parameter �σ �m and �r with respect to N . Since
Ti 
 5.64(�0h

2) eV 
 2.843 × 104 K, T0 
 2.7 K, ai = 1, the scale factor at the present
epoch a0 would nearly be 1.053 × 104, then we know N0 = lna0 = 9.262. According to N0,
we obtain the current value of energy density parameter �σ0 
 0.715001, �m0 = 0.284972
and �r0 = 0.00002706, which meet the current observations well. Figure 3 shows the effect
of different initial conditions ω0 = 0.80, − 0.82, − 0.83 on the property of attractor. We
also investigate the effect of different value of α = 10−9 and 2.49 × 10−7, the critical point
always tends to −1, as shown in Fig. 4.
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Fig. 4 The effect of α on the
property of attractor in the ω–ω′
plane. We take two different
values α = 3.78 × 10−5 (dot
line) and α = 1.58 × 10−4

(dot-dashed line). It can hardly
change the evolutive process of
attractor in the ω–ω′

4 Conclusions

Caldwell and Linder classified the quintessence models into two types “thawing” and
“freezing” model according to the different regions in ω–ω′ plane and gave the limit of
quintessence [93]. Maybe, in dilatonic cosmology model we can also make the same delim-
itation according to different initial conditions. For the “thawing” type model, the dilaton
field has been frozen by Hubble damping at a value displace from its minimum until re-
cently, when it starts to roll down to the minimum. For the “freezing” model, the dilaton
field which was already rolling down towards its potential minimum, prior to the onset of
acceleration, but which slows down and creeps to a halt as it comes to dominate the Universe.
We find our dilaton model belongs to the “freezing” type model where ω → −1, ω′ → 0. We
investigate the cosmological dynamics of dilaton model with exponential potential Ae−βσ in
the ω–ω′ plane and examine the energy density parameter �σ , �σ , �m and �r with respect
to N . According to N0 = lna0

.= 9.262, we obtain the current values of energy density para-
meter �σ , �m and �r are 0.715001, 0.284972 and 0.00002706 respectively, which meet the
current observations well. These numerical results show that the critical point with ω = −1
is the late-time attractor, where dilaton field becomes ultimately frozen and �σ = 1. While
our model avoids the “Big Rip” singularity, it also suffers from the “fine-tuning” problem.
Lastly, we consider the effect of initial conditions ωi and the parameter α on the property
of attractor solution, as shown in Figs. 3, 4. When we set ωi = −0.68, − 0.70, − 0.72
and α = 10−9, 2.49×10−7, the evolutive behavior of dilatonic attractor changes so tiny that
it can be neglected. This result is consonant with our previous viewpoint that the coupling
between dilaton field and matter affects the evolutive process of the Universe, but not the
fate of the Universe [91].
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